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Abstract 

The lower bound for the classical Ramsey number i?(4, 8) is im- 
proved from 56 to 57. The author has found a new edge coloring of 
K§q that has no complete graphs of order 4 in the first color, and 
no complete graphs of order 8 in the second color. The coloring was 
found using a SAT solver which is based on MiniSat and customized 
for solving Ramsey problems. 

Recently Exoo improved the lower bound for the classical Ramsey number 
i?(4, 6) pp. This note deals with a new lower bound for i?(4, 8). The classical 
Ramsey number R(s, t) is the smallest integer n such that in any two-coloring 
of the edges of K n there is a monochromatic copy of K s in the first color or 
a monochromatic copy of K t in the second color. Some of the interesting 
instances can be found at Exoo's web site [2] and at Brendan McKay's web 
site [3]. A recent summary of the state of the art for Ramsey numbers can 
be found in the Dynamic Survey [4]. 

Exoo writes that some unsettled cases for two color classical Ramsey 
numbers such as R(4, 6), i?(3, 10), and R(5, 5) can only be solved by using 
computer methods. The author think SAT solvers can be one of the promis- 
ing tools to do this kind of work. Here we try to obtain a Ramsey graph 
Ramsey(s, t, n) [3] by encoding the condition for Ramsey(s, t, n) to exist into 
a conjunctive normal form (CNF), we call S'-clauses, as follows: 
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S( s ,t,n) ■ ( f\ Ve {iJ) eK a - , e( ij -)j ^ y f\ V e (i>j) eK t e (i j)j 

where each eftj) is the propositional variable for the edge between vertices i 
and j, and assigning true to it means the edge is colored in the first color, 
otherwise the second. If £( s ,t, n ) is unsatisfiable, then no Ramsey (s,t,n) ex- 
ists. Otherwise a model representing a Ramsey (s,t,n) can be obtained. To 
determine whether £( s ,t, n ) is satisfiable or not, and to obtain a model when 
it is satisfiable, one can use a state of the art SAT solver such as MiniSat [5]. 

However, it is extremely difficult to achieve our task using such a naive 
setting of the problem as above, since the search space becomes enormous. In 
fact, the number of variables is n{n — l)/2 and the number of clauses is (") + 
(™), thus for instance, 903 variables and 1925196 clauses for £(5,5,43) which is 
fairly large, though still manageable. Those for other interesting cases, say 
£(3,10,40)) are beyond our reach. So we consider imposing some constraints on 
the problem in order for it to be simplified, and the search space of which 
being reduced. One of the most straightforward yet significantly effective 
constraints is: 

e(i,j) =d k (0 < i < j < n, j - i = k) 

where dk (1 < k < n — 1) are new propositional variables, we call D- 
variables. The constraint, we call D-constraint, is represented in CNF, we 
call .D-clauses, as follows: 

D n ■ f\ ((-"e ( y) V dj-i) A (e (iJ) V ->d j - i )) 

0<i<j<n 

Now, we try to solve £( s ,t,n) A D n . If it is satisfiable then £( s ,t,n) is 
also satisfiable, and the obtained model should represent a Ramsey graph 
Ramsey(s,t,n). Now, the number of variables that need to be decided is 
only n — 1, and the problem becomes drastically easier. 

In this way a Ramsey graph Ramsey(4:, 7, 46), for instance, was obtained 
as shown in Figure [1] very easily. The figure depicts the lower triangle of 
the adjacency matrix excluding the main diagonal. A black filled box means 
true is assigned to a variable e^j), i.e. the edge between vertices i and j is 
colored in the first color, and a white box false, i.e. the second color. 

As a matter of fact, instead of using a standard SAT solver, the author 
used another program specially designed to solve £( s ,t,n) A D n , which does 
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Figure 1: A (4, 7)-coloring of K m satisfying the full _D 46 . 

not require memory space to store such an enormous number of clauses for 
it, but computes all of the required conditions on the fly, thus being able to 
deal with problems for larger n, even more than 100, within reasonable CPU 
time. 

It turned out that there is no model for S(4,7,n) A D n , n > 46. Still, the 
author expect that one can be found which is as highly symmetric as a model 
for D n only. For this, we somehow relax the constraint D n in the following 
way. Each time a clause in D n is found unsatisfiable during a search, we 
temporarily withdraw it from the clause base assigning a penalty score to it 
and continue the search. When an attempt to solve the problem with the 
remaining clauses of D n results in unsatisfiable after all, we pick up some 
number of clauses in the current D n which have higher penalty score than 
the rest, and remove them from the current D n . We repeat attempts to solve 
the problem with the relaxed D n until it becomes empty in the end. In this 
way, the author obtained models for S , ( 4 j i 4 7 ) A D 47 and S , (4j j48 ) A D 48 . 

Lemma 1. i?(4, 7) > 48 

Proof. The proof is given by the coloring of K 48 which can be derived from 
Figure |2J □ 
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Figure 2: A (4, 7)-coloring of K 48 satisfying a relaxed D iS . 

In some cases, one can find a model for SVg/^y) using one of those for 
smaller problems S( S;tj n) A D n , such that s < s', t < t', n < n', typically 
s = s', t = t' - 1. For instance, £(3,10,39) using 5(3,9,35) A D 35 , {5( 3 ,i2,49), 
£(3,12,50), £(3,12,51)} using S(3,n,45) A-D45, and {5(4,8,53), 5(4,8,54), 5( 4 , 8 ,5 5 )} using 

5(4,7,46) A -D46. 

Though the author has been trying, for some time, to obtain a model for 
5(4,8,56) using 5(4,7,4 6 ) A -D 46 , the problem is still unsolved at the time of this 
writing. Instead, the author succeeded to obtain a model for 5( 4 ,8, 56 ) using a 
model for 5( 4 ,7, 4 g) shown above as Lemma [1] only recently. 

In this setting, part of edges euj\ (0 < i < j < 48) are colored exactly 
in the same way as in the coloring for the Ramsey(4, 7, 48) shown in Figure 
[2J The rest of edges e^) (0 < i < 56, 48 < j < 56) are left undecided. 
Some of the 5-clauses will be satisfied due to the partial colorings, and only 
the unsettled 5-clauses are given to our SAT solver. Moreover, we impose a 
.D-constraint on the unsettled edges, and perform repeated relaxations and 
restarts of solving in the manner described above. 

Theorem 2. R(4, 8) > 56 
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Proof. The proof is given by the coloring of K 5e which can be derived from 
Figure EJ □ 
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Figure 3: A (4, 8)-coloring of K 5e extended from a (4, 7)-coloring of 

This coloring improves the lower bound for R(4, 8) from 56 to 57. The 
search started with 412 unsettled ^-variables + 55 D-variables and 1987639 
unsettled S'-clauses + 824 D-clauses. It took 24944 seconds (about 8 hours) 
on Ubuntu 12.10, intel® CORE™ i5-2540M CPU @ 2.60GHz with 7.7 GB 
memory. The relaxations of -D-clauses were invoked three times, 40% re- 
duction each time, 36.04% of the initial D-clauses being left and satisfied at 
last. 

Related information can be found at the author's web site [6]. 
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Appendix 



Figure H] is the adjacency list version of the Ramsey graph Ramsey(4:, 8, 56). 
That is the color one graph of the two-coloring of and all other edges 
are assigned color two. 



0: 2 3 5 6 10 11 12 22 23 25 26 36 37 38 42 43 45 46 50 53 

1: 3 4 6 7 12 13 23 24 26 27 37 38 39 43 44 46 47 50 53 

2: 4 5 7 8 13 14 24 25 27 28 38 39 40 44 45 47 49 53 

3: 1 5 6 8 9 14 15 25 26 28 29 39 40 41 45 46 54 55 

4: 1 2 6 7 9 10 15 16 26 27 29 30 40 41 42 46 47 54 55 

5: 2 3 7 8 10 11 16 17 27 28 30 31 41 42 43 47 54 

6: 1 3 4 8 9 11 12 17 18 28 29 31 32 42 43 44 49 51 54 

7: 1 2 4 5 9 10 12 13 18 19 29 30 32 33 43 44 45 51 52 

8: 2 3 5 6 10 11 13 14 19 20 30 31 33 34 44 45 46 52 

9: 3 4 6 7 11 12 13 14 15 20 21 31 32 34 35 45 46 47 53 

10: 4 5 7 8 12 13 15 16 21 22 32 33 35 36 46 47 48 52 53 

11: 5 6 8 9 13 14 16 17 22 23 33 34 36 37 47 49 55 

12: 1 6 7 9 10 14 15 16 17 18 23 24 34 35 37 38 48 50 51 

13: 1 2 7 8 9 10 11 15 16 18 19 23 24 25 35 36 38 39 48 49 51 

14: 2 3 8 9 11 12 16 17 19 20 24 25 26 36 37 39 40 49 50 52 

15: 3 4 9 10 12 13 17 18 20 21 25 26 27 37 38 40 41 50 53 

16: 4 5 10 11 12 13 14 18 19 21 22 26 27 28 38 39 41 42 51 53 54 

17: 5 6 11 12 14 15 19 20 22 23 27 28 29 39 40 42 43 52 54 55 

18: 6 7 12 13 15 16 20 21 23 24 28 29 30 40 41 43 44 48 53 

19: 7 8 13 14 16 17 21 22 24 25 29 30 31 41 42 44 45 49 54 

20: 8 9 14 15 17 18 22 23 25 26 30 31 32 42 43 45 46 51 55 

21: 9 10 15 16 18 19 23 24 26 27 31 32 33 43 44 46 47 49 51 52 

22: 10 11 16 17 19 20 24 25 27 28 32 33 34 44 45 47 50 52 

23: 1 11 12 13 17 18 20 21 25 26 28 29 34 35 45 46 53 

24: 1 2 12 13 14 18 19 21 22 26 27 29 30 35 36 46 47 52 53 

25: 2 3 13 14 15 19 20 22 23 27 28 30 31 36 37 47 52 55 

26: 1 3 4 14 15 16 20 21 23 24 28 29 31 32 37 38 55 

27: 1 2 4 5 15 16 17 21 22 24 25 29 30 32 33 38 39 55 

28: 2 3 5 6 16 17 18 22 23 25 26 30 31 33 34 39 40 49 50 

29: 3 4 6 7 17 18 19 23 24 26 27 31 32 34 35 40 41 50 51 

30: 4 5 7 8 18 19 20 24 25 27 28 32 33 35 36 41 42 52 

31: 5 6 8 9 19 20 21 25 26 28 29 33 34 36 37 42 43 48 52 53 

32: 6 7 9 10 20 21 22 26 27 29 30 34 35 37 38 43 44 48 49 

33: 7 8 10 11 21 22 27 28 30 31 35 36 38 39 44 45 48 49 

34: 8 9 11 12 22 23 28 29 31 32 36 37 39 40 45 46 49 51 

35: 9 10 12 13 23 24 29 30 32 33 37 38 40 41 46 47 51 53 54 

36: 10 11 13 14 24 25 30 31 33 34 38 39 41 42 47 54 55 

37: 1 11 12 14 15 25 26 31 32 34 35 39 40 42 43 48 53 55 

38: 1 2 12 13 15 16 26 27 32 33 35 36 40 41 43 44 48 54 

39: 1 2 3 13 14 16 17 27 28 33 34 36 37 41 42 44 45 50 54 

40: 2 3 4 14 15 17 18 28 29 34 35 37 38 42 43 45 46 48 50 

41: 3 4 5 15 16 18 19 29 30 35 36 38 39 43 44 46 47 48 49 52 

42: 4 5 6 16 17 19 20 30 31 36 37 39 40 44 45 47 49 50 52 

43: 1 5 6 7 17 18 20 21 31 32 37 38 40 41 45 46 50 51 

44: 1 2 6 7 8 18 19 21 22 32 33 38 39 41 42 46 47 52 53 54 

45: 2 3 7 8 9 19 20 22 23 33 34 39 40 42 43 47 48 52 

46: 1 3 4 8 9 10 20 21 23 24 34 35 40 41 43 44 48 55 

47: 1 2 4 5 9 10 11 21 22 24 25 35 36 41 42 44 45 48 54 

48: 10 12 13 18 31 32 33 37 38 40 41 45 46 47 49 50 52 54 55 

49: 2 6 11 13 14 19 21 28 32 33 34 41 42 48 50 51 53 55 

50: 1 12 14 15 22 28 29 39 40 42 43 48 49 51 52 53 54 

51: 6 7 12 13 16 20 21 29 34 35 43 49 50 52 54 55 

52: 7 8 10 14 17 21 22 24 25 30 31 41 42 44 45 48 50 51 53 55 

53: 1 2 9 10 15 16 18 23 24 31 35 37 44 49 50 52 54 55 

54: 3 4 5 6 16 17 19 35 36 38 39 44 47 48 50 51 53 55 

55: 3 4 11 17 20 25 26 27 36 37 46 48 49 51 52 53 54 



Figure 4: A (4, 8)-coloring of K 5G . 
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